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Solutions
Problem 1. Find all functions f : Q>0 → Z>0 such that


f (xy) · gcd f (x)f (y), f ( x1 )f ( y1 ) = xyf ( x1 )f ( y1 )
for all x, y ∈ Q>0 , where gcd(a, b) denotes the greatest common divisor of a and b.

Solution. Let f : Q>0 → Z>0 be a function satisfying


f (xy) · gcd f (x)f (y), f ( x1 )f ( y1 ) = xyf ( x1 )f ( y1 )
for all x, y ∈ Q>0 . Taking y =

1
x

(1)

in (1), we obtain


f (1) · gcd f (x)f ( x1 ), f ( x1 )f (x) = f ( x1 )f (x),
which directly implies that f (1) = 1. Now if we take y = 1 in (1), we get

f (x) · gcd f (x), f ( x1 ) = xf ( x1 ).
Replacing x with

1
x

in the latter equation, we also get

f ( x1 ) · gcd f ( x1 ), f (x) = x1 f (x).

(2)

(3)

Comparing (2) and (3), we deduce that
f (x)2 = x2 f ( x1 )2 ,
which can be rewritten as
f (x) = xf ( x1 )

(4)

for all x ∈ Q>0 . We can therefore replace f (x) with xf ( x1 ) in (2), and this gives us

gcd xf ( x1 ), f ( x1 ) = 1.
When x ∈ Z>0 , the greatest common divisor of xf ( x1 ) and f ( x1 ) is f ( x1 ), so that we find
f ( x1 ) = 1 for all x ∈ Z>0 .

(5)

f (x) = x for all x ∈ Z>0 .

(6)

Using (4), we then also get that

Finally, given a positive rational number q = m
with m, n ∈ Z>0 , we can find the value of
n
1
f(m
)
by
taking
x
=
m
and
y
=
in
the
initial
equation
(1):
n
n
f(m
)=
n

m
.
gcd(m, n)

If m and n are chosen to be coprime, then we obtain the nice formula
f(m
) = m for all m, n ∈ Z>0 such that gcd(m, n) = 1.
n

(7)

So the only function f : Q>0 → Z>0 that can possibly satisfy the statement is the function
defined by (7). We claim that this function indeed satisfies the statement. Indeed, if we write
x = ab and y = dc with gcd(a, b) = 1 and gcd(c, d) = 1 in (1), we obtain the equality
f ( ac
) · gcd(ac, bd) = ac,
bd
which is true since
f ( ac
)=f
bd

ac
gcd(ac,bd)
bd
gcd(ac,bd)

!
=

ac
.
gcd(ac, bd)

Problem 2. Let n > 2 be an integer. Alice and Bob play a game concerning a country made
of n islands. Exactly two of those n islands have a factory. Initially there is no bridge in the
country. Alice and Bob take turns in the following way. In each turn, the player must build a
bridge between two different islands I1 and I2 such that:
• I1 and I2 are not already connected by a bridge;
• at least one of the two islands I1 and I2 is connected by a series of bridges to an island
with a factory (or has a factory itself). (Indeed, access to a factory is needed for the
construction.)
As soon as a player builds a bridge that makes it possible to go from one factory to the other,
this player loses the game. (Indeed, it triggers an industrial battle between both factories.) If
Alice starts, then determine (for each n > 2) who has a winning strategy.
(Note: It is allowed to construct a bridge passing above another bridge.)

Solution. The only configurations in which a player can only lose are the ones where there
are k islands (including one with a factory) all connected to each other, n−k islands (including
the one with the other factory) all connected to each other, and no bridge between these two
sets of islands. Indeed, in this situation the player can only connect an island from the first
component to an island to the other component and thus loses. Let us call such a situation
a (k, n − k)-critical configuration (for k ∈ {1, 2, . . . , n − 1}). In all other configurations, it is
possible to construct a bridge that does not connect the two factories.
Let us count the number of bridges that exist in a (k, n − k)-critical configuration. We have k
islands connected to each other and n − k islands connected to each other, so the total number
of bridges is
  

k
n−k
k(k − 1) (n − k)(n − k − 1)
+
.
N (k, n − k) =
+
=
2
2
2
2
We are interested in the parity of this number, in order to know which turn it is (Alice’s
or Bob’s turn)
when a (k, n − k)-critical configuration appears. We observe easily that the

m
number 2 is even when m ≡ 0 or 1 (mod 4), and odd when m ≡ 2 or 3 (mod 4). Now let
us distinguish some cases:
(a) If n ≡ 1 (mod 4), then for any value of k ∈ {1, . . . , n − 1} the numbers k and n − k will
always be both equal
 to 0 or 1 modulo 4, or both equal to 2 or 3 modulo 4. This means
k
n−k
that 2 and 2 always have the same parity in this case, and hence that N (k, n − k)
is even for any value of k. This implies that a (k, n − k)-critical configuration can only
appear when it is Alice’s turn. So Bob will never face such a situation and he will always
be able to choose a bridge that does not connect the factories. Thus Bob has a winning
strategy: he just needs to avoid the bridges that make him directly lose. At some point
Alice will then be faced with a (k, n − k)-critical configuration for some k.
(b) If n ≡ 3 (mod
 4), then n − k ≡ 2 or 3 (mod 4) as soon as k ≡ 1 or 0 (mod 4), and vice
versa. So k2 and n−k
always have different parities, and N (k, n − k) is odd for any
2
value of k. Hence, a (k, n − k)-critical configuration can only appear when it is Bob’s
turn, which means that Alice has the winning strategy.

(c) If n is even, then a similar reasoning does not work. However, we can see that Bob has an
easy winning strategy in this case: the mirror strategy. This strategy can be explained
as follows. Before starting the game, let us partition the n islands into n2 pairs of islands,
so that the two islands with a factory belong to the same pair. Given an island I, we
denote by m(I) the island belonging to the same pair as I (and we call m(I) the mirror
of I). Now the strategy of Bob is simple: if Alice constructs a bridge between islands I1
and I2 , then Bob constructs a bridge between m(I1 ) and m(I2 ). In order to show that
this is a winning strategy, we just need to observe that the configuration will always be
symmetric after Bob’s turn:
• If there is a bridge between two islands X and Y , then there is a bridge between
m(X) and m(Y );
• If an island X is connected by a series of bridges to an island F with a factory, then
m(X) is connected by a series of bridges (the mirror bridges) to m(F ), which is the
other island with a factory.
Hence, when Alice constructs a bridge between I1 and I2 that does not make her lose (in
particular I2 6= m(I1 )), we conclude that the bridge between m(I1 ) and m(I2 ) does not
already exist and that it does not make Bob lose as well.
As a conclusion, Alice has a winning strategy when n ≡ 3 (mod 4) and Bob has a winning
strategy when n 6≡ 3 (mod 4).

Alternative for n even. Another strategy for Bob to win when n is even is to ensure that,
before each of Alice’s turns, the number of islands connected to the island with the first factory
is equal to the number of islands connected to the island with the other factory. Let us say
that the country is balanced when this is the case. Remark that the country is balanced at the
beginning of the game. Let us show that if the country is balanced before some turn of Alice
and if she constructs a bridge without losing, then Bob can always play without losing and
such that the country remains balanced. There are two different choices that Alice can make:
• Alice builds a bridge between an island connected to a factory and an island which is not
connected to anything. Then, since n is even and as the country was balanced before
Alice’s turn, there exists at least one island I which is still not connected to anything.
Bob can therefore simply build a bridge between I and an island connected to the other
factory. The country will then be balanced again.
• Alice builds a bridge between two islands connected to the same factory. We claim that,
in this case, is is always possible for Bob to build a bridge between two islands connected
to the same factory (so that the country remains balanced). Indeed, the only situation
where Bob could not do so is the situation where all k islands connected to the first
factory are connected to each other and all k islands connected to the second factory are
connected to each other. But there are 2 · k2 bridges in such a situation, and so it cannot
occur after Alice’s turn.

Problem 3. In the convex quadrilateral ABCD we have ∠B = ∠C and ∠D = 90◦ . Suppose
that |AB| = 2|CD|. Prove that the angle bisector of ∠ACB is perpendicular to CD.

Solution 1. Let P be the reflection of C in AD; note that C, D, P are collinear as ∠D = 90◦ .
Then |AB| = 2|CD| = |CP |, and since ∠ABC = ∠BCP we have that ABCP is an isosceles
trapezoid. Hence AP k BC. In particular, we have ∠P AC = ∠ACB and the bisectors of
these two angles are parallel. Since triangle ACP is isosceles with D being the midpoint of
segment CP , the bisector of ∠P AC is AD. Hence, the bisector of ∠ACB is parallel to AD
and therefore perpendicular to CD.

Solution 2. Let M be the midpoint of segment AB and T be the intersection of lines AC
and M D. We know that |M B| = |CD| and that ∠M BC = ∠BCD, so M BCD is an isosceles
trapezoid. Hence M D k BC, so it is a midline of 4ABC. It follows that T is the midpoint
of segment AC. As ∠ADC = 90◦ this implies that T is the circumcentre of 4ACD. Now we
have ∠ACD = ∠T CD = ∠T DC = 180◦ − ∠BCD. If we denote by ` the perpendicular to CD
through C, then the latter equality implies that CB is the reflection of CA through `. Hence
` is the bisector of ∠ACB.

Solution 3. Let S be the intersection of BC and AD and let M be the midpoint of segment
AB. (Note that S exists, since if BC k AD then ABCD must be a rectangle, contradicting
|AB| = 2|CD|.) We know that |M B| = |CD| and that ∠M BC = ∠BCD, so M BCD is
an isosceles trapezoid. Hence M D k BC, so it is a midline of 4ABS. In particular D is the
midpoint of segment AS, and triangles ADC and SDC are congruent. Hence ∠SCD = ∠ACD,
so CD is the angle bisector of ∠ACS and is thus perpendicular to the angle bisector of ∠ACB.

Solution 4. Let S be the intersection of BC and AD and let F be the intersection of BC with
the line through A parallel to CD. Then ∠AF B = ∠AF C = 180◦ −∠F CD = 180◦ −∠ABC =
∠ABF , so triangle ABF is isosceles with |AB| = |AF |. Hence |AF | = 2|CD|. Since AF is
parallel to CD, we find that CD is a midline of 4ASF , so D is the midpoint of segment AS.
Now CD must be the perpendicular bisector of AS and therefore it is also the angle bisector
of ∠ACS. This implies that it is perpendicular to the angle bisector of ∠ACB.

Problem 4. A Benelux n-square (with n > 2) is an n × n grid consisting of n2 cells, each of
them containing a positive integer, satisfying the following conditions:
• the n2 positive integers are pairwise distinct;
• if for each row and each column we compute the greatest common divisor of the n numbers
in that row/column, then we obtain 2n different outcomes.
(a) Prove that, in each Benelux n-square (with n > 2), there exists a cell containing a number
which is at least 2n2 .
(b) Call a Benelux n-square minimal if all n2 numbers in the cells are at most 2n2 . Determine
all n > 2 for which there exists a minimal Benelux n-square.

Solution. Let us associate to each row and each column of a Benelux n-square the greatest
common divisor of the n numbers in that row/column, and call it the index of the row/column.
By definition of a Benelux n-square, we know that these 2n indices are different. In particular,
there is a row/column whose index is k > 2n. The n numbers in that row/column are distinct
multiples of k, so the greatest of them is > nk > 2n2 , which proves (a).
Let us now consider a minimal Benelux n-square, and first assume that n > 3. From the
previous paragraph it is clear that the 2n indices must exactly be {1, 2, . . . , 2n}, otherwise we
would get a number > (2n + 1)n with the same argument. We can assume without loss of
generality that 2n is the index of a column. In order to have all numbers 6 2n2 , the numbers
in that column must exactly be the n smallest multiple of 2n, i.e. {2n, 4n, . . . , 2n2 }. We now
argue that the index 2n−1 must correspond to a column. Indeed, if some row had index 2n−1,
then the cell at the intersection of this row and the column indexed by 2n would contain a
number x which is both a multiple of 2n and 2n − 1. Since gcd(2n, 2n − 1) = 1, this would
imply x > 2n(2n − 1) > 2n2 , contradicting the fact that the Benelux n-square is minimal.
With the same argument, 2n − 2 cannot be the index of a row because (2n − 1)(2n − 2) > 2n2
when n > 3. We now distinguish the cases n odd and n even.
• Suppose n is odd. Then consider the row/column A whose index is n. It must contain
multiples of n, and we know that all multiples of 2n are in the column indexed by 2n.
First assume that A is a column. Then we deduce that the numbers in A are exactly
n, 3n, . . . , (2n − 1)n. But all these numbers are odd, so this implies that the indices of
all rows are odd, i.e. they must exactly be 1, 3, . . . , 2n − 1. This is a contradiction with
the fact that 2n − 1 is the index of a column. Now assume that A is a row. It has an
intersection with the column indexed by 2n, but the other n − 1 numbers in A must
belong to {n, 3n, . . . , (2n − 1)n}. This implies that the indices of the corresponding n − 1
columns are all odd, but this is a contradiction with the fact that 2n − 2 is the index of
a column. Hence, there does not exist a minimal Benelux n-square when n is odd.
• Suppose n is even and assume moreover that n > 8. With the same argument as
earlier, we can deduce that 2n − 3 and then 2n − 4 are indices of a column (because

(2n − 3)(2n − 4) > 2n2 when n > 8). Now we do the same reasoning as for n odd but
with multiples of n − 1 instead of n. In the column whose index is 2n − 2, we have n
multiples of 2n − 2. There are exactly n + 1 multiples of 2n − 2 which are 6 2n2 , since
(n + 1)(2n − 2) = 2n2 − 2. Hence, this implies that there is only one multiple of 2n − 2
which is small enough to appear in the square and which is not already in the column
indexed by 2n − 2. Consider the row/column A whose index is n − 1. If A is a column,
then A contains at most one even number (the remaining multiple of 2n − 2) and this
implies that at least n − 1 indices of rows are odd. This is a contradiction with the fact
that 2n − 1 and 2n − 3 are indices of a column. Finally, if A is a row, then we get at most
one column different from the one indexed by 2n − 2 which can be indexed by an even
number. This is a contradiction with the fact that 2n and 2n − 4 are indices of columns.
So there does not exist a minimal Benelux n-square when n is even and > 8.
The remaining cases are n ∈ {2, 4, 6}:
• For n = 6, we know as above that 12, 11 and 10 are indices of columns. But then 9, 8 and
7 cannot be indices of rows since 9 · 11, 8 · 11, 7 · 11 cannot appear in the square. So they
also are indices of columns. We can therefore do the same argumentation as for n > 8
above to prove that there is no minimal Benelux 6-square.
• For n = 4, we have the following minimal Benelux 4-square (numbers between parentheses
are indices):
5
6
7
8 (1)
10 30 14 16 (2)
15 18 21 24 (3)
20 12 28 32 (4)
(5) (6) (7) (8)
• For n = 2, we have the following minimal Benelux 2-square:
3
4 (1)
6
8 (2)
(3) (4)
So there exist minimal Benelux n-squares only for n ∈ {2, 4}.

